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Abstract
Let F be a ﬁeld of characteristic p and let PðxÞAF ½x be a polynomial of degree
m > 0: Let A1;y; An be ﬁnite subsets of F with jAnj ¼ k > mðn  1Þ and jAiþ1j 
jAi jAf0; 1g for i ¼ 1;y; n  1: If p ¼ 0 or p > ðk  1Þn  ðm þ 1Þðn2Þ; then for the
restricted sumset
S ¼ fa1 þ?þ an: a1AA1;y; anAAn; and PðaiÞaPðajÞ if iajg
we have jSjX1þ ðk  1Þn  ðm þ 1Þðn
2
Þ: This extends the Erdo¨s–Heilbronn conjecture
posed in 1964 and conﬁrmed in 1994.
r 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
In 1994, using the representation theory of symmetric groups, Dias da
Silva and Hamidoune [DH] proved the following result which was
conjectured by Erdo¨s and Heilbronn (cf. [EH]) in the case n ¼ 2:
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Theorem A. Let p be a prime and let n be a positive integer. Then, for any
subset A of the field Z=pZ; we have
jn4AjXminfp; njAj  n2 þ 1g; ð1:1Þ
where n4A denotes the set of all sums of n pairwise distinct elements of A:
In 1995 and 1996 Alon et al. [ANR1,ANR2] developed their
polynomial method (see also [N]) which allowed them to show the following
theorem.
Theorem B. Let p be a prime number, and let A1;y; An be nonempty subsets
of Z=pZ with jA1jo?ojAnj and
Pn
i¼1 jAij  nðn þ 1Þ=2op: Then
Xn
i¼1
ai: aiAAi; and aiaaj if iaj
( )
X
Xn
i¼1
jAi j 
nðn þ 1Þ
2
þ 1: ð1:2Þ
Recent papers [Su,HS] are concerned with sums of subsets (of Z or a ﬁeld)
with linear restrictions. In this paper, we will apply the polynomial method
of Alon et al. to obtain the following result.
Theorem 1.1. Let k; m; n be positive integers with k > mðn  1Þ; and let F be a
field of characteristic p where p is zero or greater than K ¼ ðk  1Þn  ðm þ
1Þðn
2
Þ: Let A1;y; An be subsets of F for which
jAnj ¼ k and jAiþ1j  jAi jAf0; 1g for i ¼ 1;y; n  1: ð1:3Þ
Let P1ðxÞ;y; PnðxÞAF ½x be monic and of degree m: Then we have
jfa1 þ?þ an: aiAAi; and PiðaiÞaPðajÞ þ bj if iajgjXK þ 1: ð1:4Þ
Clearly, our Theorem 1.1 is a partial extension of Theorems A and B. It is
also related to the main result of Alon [A2] concerning a conjecture of
Snevily [Sn].
Example. (i) Let k be an integer greater than m ¼ 2 and F be a ﬁeld of
characteristic p where p is zero or an odd prime greater than ðk  1Þ2
ð2þ 1Þð2
2
Þ ¼ 2k  5: Let B ¼ fje: jAZ; 2jA½k; kÞg where e denotes the
(multiplicative) identity of F : Obviously jBj ¼ k: For any ADB with
jAjAfk  1; kg; we can easily verify that jfa þ b: aAA; bAB; a2ab2gj ¼
2k  4:
(ii) The rational ﬁeld has characteristic 0: Let A ¼ f3;1; 1; 3; 5g and
S ¼ fa1 þ a2 þ a3: a1; a2; a3AA and a21; a
2
2; a
2
3 are distinctg:
Then S ¼ f1; 3; 7; 9g and jSj ¼ ðjAj  1Þ3 ð2þ 1Þð3
2
Þ þ 1:
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2. Proof of Theorem 1.1
We ﬁrst introduce some notations. As usual, we set 0! ¼ 1; ðxÞ0 ¼ 1 and
ðxÞk ¼
Qk1
j¼0 ðx  jÞ for k ¼ 1; 2; 3;y: If f ðx1;y; xnÞAF ½x1;y; xn where F
is a ﬁeld, then we write ½xi11?x
in
n  f ðx1;y; xnÞ for the coefﬁcient of the
monomial xi11?x
in
n in f ðx1;y; xnÞ:
The following result is one of the main tools of the polynomial method.
Lemma 2.1 (Alon [A1, Theorem 4.1]; Alon et al. [ANR2, Theorem
2.1]). Let A1;y; An be finite subsets of a field F with ki ¼ jAi j > 0 for i ¼
1;y; n: Let f ðx1;y; xnÞAF ½x1;y; xn\f0g and deg fp
Pn
i¼1 ðki  1Þ: If
½xk111 ?x
kn1
n  f ðx1;y; xnÞðx1 þ?þ xnÞ
Pn
i¼1
ðki1Þdeg fa0;
then
jfa1 þ?þ an: aiAAi; f ða1;y; anÞa0gjX
Xn
i¼1
ðki  1Þ  deg f þ 1:
Although this result was formulated in [A1,ANR2] only for the ﬁeld Z=pZ
(where p is a prime), it plainly remains valid in any other ﬁeld.
Proof of Theorem 1.1. For 1pipn clearly jAnj  jAi jpn  i; thus, we can
choose A0iDAi so that jA
0
ij ¼ k  n þ i: Without loss of generality, we
assume that A0i ¼ Ai; that is, ki ¼ jAi j ¼ k  n þ i for i ¼ 1;y; n: As the
case Ko0 or n ¼ 1 is trivial, below we suppose KX0 and nX2:
Let e denote the multiplicative identity of the ﬁeld F ; and let
f ðx1;y; xnÞ ¼
Y
1piojpn
ðPjðxjÞ  PiðxiÞÞ:
Clearly,
Pn
i¼1 ðki  1Þ  deg f ¼ ðk  1Þn  ð
n
2
Þ  deg f ¼ K ; and
½xk111 ?x
kn1
n ðx1 þ?þ xnÞ
K f ðx1;y; xnÞ ¼ hc
ð
n
2
Þ;
where h is the coefﬁcient of xkn1 ?x
k1
n in the polynomial
gðx1;y; xnÞ ¼ ðx1 þ?þ xnÞ
K
Y
1piojpn
ðxmj  x
m
i ÞAZ½x1;y; xn:
For a permutation sASn of the set f1;y; ng; let signðsÞ be 1 or 1
according to whether s is odd or even. By means of Vandermonde’s
determinant and the multinomial theorem, gðx1;y; xnÞ coincides withX
sASn
signðsÞxmðsð1Þ1Þ1 ?x
mðsðnÞ1Þ
n
X
j1;y;jnX0
j1þ?þjn¼K
K !
j1!?jn!
x
j1
1?x
jn
n :
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Therefore,
h ¼K !
X
sASn
signðsÞ
ðk  1 ðsð1Þ  1ÞmÞn1
ðk  1 ðsð1Þ  1ÞmÞ!
?
ðk  1 ðsðnÞ  1ÞmÞ0
ðk  1 ðsðnÞ  1ÞmÞ!
¼
K !ð1Þð
n
2
ÞQn
i¼1 ðk  1 ði  1ÞmÞ!
detjjðk  1 imÞj jj0pi;jpn1:
It is well known that xj ¼ ðxÞj þ
P
0proj Sðj; rÞðxÞr; where Sðj; rÞ ð0projÞ
are Stirling numbers of the second kind. So
detjjðk  1 imÞj jj0pi;jpn1
¼ detjjðk  1 imÞj jj0pi;jpn1
¼ ð1Þð
n
2
Þ
Y
0piojon
ðk  1 im  ðk  1 jmÞÞ ðVandermondeÞ:
As ð1Þð
n
2
Þdetjjðk  1 imÞj jj0pi;jpn1 divides
Qn1
i¼0 ðk  1 imÞ!; we have
h j K ! and hence p [ h:
Now it sufﬁces to apply Lemma 2.1. &
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